Abstract-It is well known that multipath fading significantly affects the performance of communication systems. In order to incorporate the impact of this random phenomenon on system analysis and design, in many cases, we need to calculate the probability density function (pdf) of the received signal envelope in multipath fading channels. In this paper, we consider a general multipath fading channel with arbitrary number of paths, where the amplitudes of multipath components are arbitrary correlated positive random variables, independent of phases, whereas the phases are independent and identically distributed random variables with uniform distributions. Since the integral form of the envelope pdf for such a general channel model is too complicated to be used for analytic calculations, we propose two infinite expansions for the pdf: a Laguerre series and a power series. Based on the tight uniform upper bounds on the truncation error of these two infinite series, we show that the Laguerre series is superior to the power series due to the fact that for a fixed number of terms, it yields a smaller truncation error. This Laguerre series with a finite number of terms, which expresses the envelope pdf just in terms of simple polynomial-exponential kernels, is particularly useful for mathematical performance prediction of communication systems in those indoor and outdoor multipath propagation environments, where the number of strong multipath components is small.
I. INTRODUCTION
I N a variety of situations encountered in communication engineering, the multipath structure of the transmission channel is such that the received signal exhibits strong fluctuations. These fluctuations are generally referred to as multipath fading, and over the past few decades, a great deal of attention has been focused on its characterization.
In this paper, we study the envelope probability density function (pdf) in detail, using a random vector model, assuming that the number of multipath components is an arbitrary constant, phases are independent with uniform distributions on , while the amplitudes are dependent positive random variables with arbitrary distributions. This scenario is general enough to cover many cases of interest. For situations where the number of multipath components is a random variable or the phases have nonuniform distributions, the interested reader can refer to [1] . The rest of this paper is organized follows. The multipath fading channel model is introduced in Section II. Two infinite series are presented in Section III for the envelope pdf: a Laguerre series and a power series. Calculation of the coefficients of the series is discussed in Section IV. Upper bounds on the truncation error and coefficients of the Laguerre series are derived in Sections V and VI, respectively. The series truncation error upper bound is minimized in Section VII. By comparing the convergence rates, it is shown in Section VIII that for a fixed number of terms, the truncated Laguerre series provides a smaller truncation error than the power series. So, from this point of view, Laguerre series is preferred to the power series for calculating the envelope pdf. Application of the Laguerre series to system performance analysis in multipath channels with several dominant multipath components is briefly discussed in Section IX, as well as a numerical case study. Concluding remarks are provided in Section X.
II. A GENERAL MODEL FOR MULTIPATH FADING CHANNELS
In a multipath fading channel, multipath components can be divided into two independent groups: the first group consists of a small number of strong multipath components which do not satisfy the conditions of the central limit theorem (CLT) [2] , while the second group contains a large number of weak multipath components which satisfy the CLT conditions. The first group generates a non-Gaussian random process with non-Rayleigh envelope pdf, while the second group results in a Gaussian random process with Rayleigh envelope pdf. Specifically, if the signal is transmitted through a multipath fading channel, where is the carrier frequency and is the time, then the received signal has the following form: (1) where and are independent processes defined by
0018-9448/$26.00 © 2009 IEEE In the above formulas, 1 and are the number of multipath components in the first and second groups, respectively, 's and 's represent the amplitudes of multipath components, while 's and 's stand for the phases of multipath components. In the first group, is an arbitrary constant, 's are dependent positive random variables with arbitrary distributions, independent of 's, and 's are independent of each other with uniform distributions on . A physical interpretation for these statistical properties of 's is provided in [3] . The signal generated by the first group is a non-Gaussian random process with non-Rayleigh-distributed envelope. In the second group, is large enough and the statistical properties of 's and 's are such that based on CLT, can be modeled as a Gaussian random process with Rayleigh-distributed envelope. Note that since the rates of change of the number of multipath components, their amplitudes, and also their phases are much smaller than , we can assume that they are (random) constants over relatively short time intervals.
To develop the random vector model for our multipath fading channel, we note that the sums of cosine waves in (2) and (3) can be replaced by the following single cosine waves:
These representations lead to the following representation for in (1):
Clearly, the pairs and represent the envelopes and the phases of signals from the first and the second groups of multipath components, respectively, while and are the envelope and phase of the signal composed of the two groups of multipath components. The interrelationships among the random variables , , , , , and can be understood by using the amplitude-phase notation (7) where . Similarly to [4] , it can be shown that the pdfs of and are given by [3] 
1 The notation in (2) and (3) is fine for narrowband transmission, where the duration of # (t ) is large. For wideband transmission, with a short duration # (t ), of course N +N represents the total number of multipath components that reach the receiver with the same delay. Without loss of generality, this delay is set to zero, to simplify the notation.
where is the zeroth-order Bessel function and
The pdf given in (9) completely characterizes the statistical behavior of the envelope in our general multipath fading channel model. However, its integral form is not convenient for analytic calculations, which are essential for mathematical analysis of communication systems in multipath fading channels. In this paper, we focus on Laguerre and power series to represent , which are more suitable for analytic studies. A review of different representations for is provided in [3] .
III. EXPANSION OF IN TERMS OF LAGUERRE AND POWER SERIES According to (7) , it can be seen that the conditional pdf is a Rice pdf [5] 
where is the zeroth-order modified Bessel function. After averaging with respect to , we obtain (12) The following generating function for Laguerre polynomials can be found in [7] : (13) where is the Laguerre polynomial of order . For and , (13) (14) and (15) may be considered as parametric expansions for where the parameter is a real number, nonzero for (14) , and finite in (15) . For in (14) and in (15), we obtain the Maclaurin series of (16) In order to proceed further, we need to define the following function: (17) where is an arbitrary real number and the pdf of is given in (8) . This function will be discussed in detail in Section IV.
By replacing
in (12) with (14) and (15), we obtain the Laguerre and the power series for , respectively
in which (20) (21)
In order to calculate the coefficient in (18), only is required. However, for computing the coefficient in (19), we need to determine the values of , since according to the polynomial representation for [7] (24)
equation (22) can be written as (25) Note that our starting point is the conditional Rice pdf in (11) and replacement of in (12) with an infinite series. The advantage of this approach, in comparison with expanding directly in terms of an infinite series, is the fact that it provides a non-Rayleigh but perturbed-Rayleigh pdf. In other words, we usually expect a Rayleigh pdf for in a multipath fading channel. In the presence of several strong multipath components which violate the CLT, deviates from Rayleigh pdf. The amount of this deviation can be quantified in terms of the statistical properties of the amplitudes of these CLT-violating multipath components, if we use the conditional-Rice-pdf approach. This will be further discussed in Section IX.
IV. CLOSED-FORM FORMULAS FOR
Based on the definition of in (17), we have (26) in which (27) Now we consider two cases separately. In the first case, we assume that is nonzero over the nonnegative real line. This assumption yields a simple solution for . In the second case, which is more general and also more realistic, is assumed to be nonzero over an arbitrary finite interval. As we expect, the expressions derived for are more complicated in this case.
A.
In this case, we calculate the expectation in (17) directly. Equation (17) can be written as (28) Based on the equation for in (8), we obtain (29) By the Fubini theorem [14] , we can change the order of integration in (29). Based on the following relation [15] : (30) it can be shown that To calculate for this case, first we derive a closed-form expression for in (27) and then calculate the th derivative in (26) . By the straightforward extension of a result in [13] , can be expressed in terms of the hypergeometric series (34) in which the hypergeometric series is defined as [13] (35) So (36)
Assuming that the multiple series in (36) converges, successive differentiation yields (37) Equation (37) is useful for mathematical analysis of bit error probability in fading channels with arbitrary number of paths [21] . However, in numerical calculations, (37) is of limited use due to its multiple summation, specially when is large. Hence, in what follows, we derive another formula for . Apparently, direct calculation of the expectation in (17) is not possible, because in contrast with (30), there seems to be no useful closed-form solution for the following integral in terms of known mathematical functions:
Nevertheless, substitution of with its associated Maclaurin series may yield useful results, because powers of can be easily integrated from to . In [20] , it is shown that (39)
Depending on the behavior of , there might be cases where some of the integrals in (39) diverge, especially for large values of . In situations where neither (37) nor (39) works, has to be computed by numerical calculation of the expectation in (17) , which is a double-fold integral (40) So far, two infinite series have been introduced in (18) and (19) for , and several methods have been discussed for calculating their coefficients in (20) and (22), which are functions of . The kernels of these two series, given in (21) and (23), are of the general form , where is a nonnegative integer and is a positive real number. Such a function is very convenient for mathematical manipulations, specially analytic integration, which usually appears in average bit error rate (BER) calculations, performance evaluation of diversity systems, etc., over multipath fading channels. Now the important issue is the number of terms which should be considered in those infinite series, in order to achieve a given truncation error. Note that for a fixed number of terms, the truncation error depends on . So, for different values of , different numbers of terms are required to obtain the same truncation error over the entire range . To avoid this problem, we need a uniform truncation error formula, which does not depend upon . In the subsequent sections, we derive uniform upper bounds on the truncation errors of both series. Based on these bounds we can easily determine the minimum number of terms that one should take into account, in order to obtain a specified truncation error over the entire range of . which is independent of . The remainder of this section has been devoted to , while will be discussed in Section VI.
The Laguerre polynomial is positive and monotonically increasing for , while for first it oscillates with zeros over the range (assuming is large) and then increases or decreases monotonically for , provided that is even or odd, respectively [16] . For large , Plancherel-Rotach-type asymptotic formulas accurately describe the behavior of Laguerre polynomial
We have derived (45) and (46) from [17] after some simple manipulations, while (47) is given in [18] exactly. Note that besides the small differences between (45) and (47), which are due to the variations among the methods of approximation and representation used in [17] and [18] , these two formulas can be obtained from each other by a simple reasoning [19] .
According to the above properties of Laguerre polynomials and depending on , exhibits different behaviors versus . Based on the unimodal shape of , must have only one maximum for , and maxima for . Clearly, the first maxima fall into the region , and the last one is out of this region, assuming is large. Using the Sonin-Polya theorem [17] , [23] , it is shown that if is large enough, then [20] : 1) for , the maxima of constitute an increasing sequence; 2) for , the maxima of form an increasing sequence for , and a decreasing sequence for . Therefore, takes different functional forms over the regions , , and , as derived in [20] (48)
Equations (48) It should be noted that depending on the behavior of , there might be cases where the integral in (56) does not converge. In such cases, another upper bound should be found for . An example is discussed in the Appendix, where and and are two constants. This is the classic problem of two sine waves in Gaussian noise. For this special but important case, a finite upper bound is derived in [10] for . The details are given in the Appendix.
The appropriate expression for can be obtained by simply combining (20) , (43) Since , the infinite series in (44) converges for any according to the ratio test. This also implies the convergence of Laguerre series in (18) for any , over the range , and for any joint distribution of 's. In order to find an optimal value for , we define the rate of convergence of as the optimality criterion. So, the optimal is the one which maximizes the rate of convergence of , defined by , where is a fixed large constant. This optimum value can be easily found by minimizing in (66) over all 's (67)
According to (67), turns out to be the optimum , since it gives the minimum value of , i.e., maximizes the convergence rate of large (68) Such an optimum value for may be attributed to the orthogonality of Laguerre polynomials [11] .
VIII. COMPARISON OF THE OPTIMUM LAGUERRE AND POWER SERIES It has been proved in Section VII that optimizes the Laguerre series, whereas following the same approach, it can be shown that optimizes the power series [20] . In order to compare these two series, we calculate their convergence rates according to (68) large (69) The convergence rate of the power series can be shown to be , when is large [20] . As we can see, the convergence rate of the optimum power series is half of the optimum Laguerre series. Therefore, the optimum Laguerre series is superior from this point of view. By substituting (20) and (21) in (18) 
where gives the integer part. Since this maximum can be very large, especially for large , should be several times greater than , to obtain a small value for .
IX. APPLICATIONS AND A NUMERICAL CASE STUDY
As discussed at the end of Section III, our approach results in a non-Rayleigh but perturbed-Rayleigh pdf for the signal envelope in multipath fading channels. This important characteristic can be better understood by rewriting (70) as (73) Fig. 1 . Envelope pdf in a multipath fading channel with few strong multipath components: True pdf calculated using the proposed Laguerre series (solid), equivalent Rayleigh pdf (dashed), and equivalent Rice pdf (dotted).
Notice that [15] (74) Moreover, since the area under is unity, according to (70), we must have (75) Hence, the equation in (73) represents the non-Rayleigh envelope pdf as a mixture (more precisely, convex combination) of the Rayleigh pdf and the unit-area kernels , . Notice that these kernels are not pdf since they take negative values for some . However, it may be useful to consider them as pseudo pdfs since they integrate to one. When there is no strong multipath component, i.e., , we have and , which in turn yield . In the presence of at least one strong multipath component, i.e., when , we get while for at least one from the set . As an example of the insightful role of the mixture representation in (73) for analytic calculations in non-Rayleigh multipath fading channels, one can look at the problem of average BER calculation in such channels [3] . In [3] , it is shown that the average BER of any modulation method in multipath fading channels can be decomposed into two separate parts: the first part represents the average BER due to a large number of weak multipath components (which generate Rayleigh fading), whereas the second part shows the contribution of the few strong multipath components to the average BER. This representation provides a better understanding of the performance of communication systems and techniques in those wireless multipath indoor and outdoor channels, where the number of dominant multipath components is limited. A more comprehensive analysis of BER in multipath channels with a limited number of strong components is provided in [21] . Now we consider a numerical example and use the optimum Laguerre series to calculate the envelope pdf. Consider a multipath fading channel where in addition to the large number of weak multipath components, there are four CLT-violating multipath components:
, , , and . Suppose that for representing the envelope pdf, we want to truncate the optimum Laguerre series in (70) with terms such that . Notice that according to (55) and (10), we have, respectively, and . Using (71), it is easy to verify that is the smallest integer which satisfies . The coefficients for are computed using (40) and are listed in [22] . Note that in our example . Since for any we have , according to (75), we obtain , which is a tight upper bound only for small .
The truncated form of the optimum Laguerre series in (70) with 76 terms, given by (76) is plotted in Fig. 1 . Note that as expected, it is nonnegative for any . The average power of the signal envelope in our example is given by . An equivalent Rayleigh pdf , which has the same average power, is plotted in Fig. 1 as a reference. Fig. 1 also includes an equivalent Rice pdf , with the same average power of . Note that this pdf is the same as the one in (12) , where the random amplitude is replaced by the constant amplitude . Comparison of the plots in Fig. 1 reveals the inadequacy of Rayleigh and Rice models for characterizing the envelope pdf in the considered multipath channel. The natural logarithm of the truncation error of the Laguerre series, in (44), is plotted in Fig. 2 versus the parameter . We notice in Fig. 2 that at the truncation error attains its minimum. This agrees with our theoretical results which suggested as an optimal choice.
X. CONCLUSION
In this paper, we have considered a general model for multipath fading channels where in addition to a large number of weak multipath components, there are several strong multipath components. The presence of few dominant multipath components is more profound in wideband systems where the number of scatterers corresponding to a given delay bin decreases as the bandwidth increases [25] , or in systems with smart antenna arrays, in which the receiver amplifies only few multipath components coming from particular directions and rejects the rest [12] .
When there is no strong component, the envelope pdf reduces to Rayleigh, while the presence of at least one strong component results in a non-Rayleigh pdf for the envelope. There are several multipath fading models such as Nakagami, Weibull, lognormal, etc., which are not effective in characterizing the non-Rayleigh envelope pdf in some propagation environments [26] , [27] . The proposed model of this paper is general enough to cover many cases of interest. The envelope pdf in our channel model can be expanded in terms of two polynomial-based infinite series: a Laguerre series and a power series, which both are very convenient for mathematical calculations. We have shown that the Laguerre series is preferred to the power series, since for a fixed number of terms it provides a smaller truncation error. Furthermore, we have derived an equation by which one can easily determine the minimum number of terms in the Laguerre series, which yields a specified truncation error over the entire positive real line. For the application of the Laguerre series to system performance analysis and BER calculations, the interested reader can refer to [3] and [21] . The results derived in this paper can be used in other contexts such as radar clutter or light scattering, where the basic mechanism of random signal fluctuations can be modeled by the sum of random vectors.
APPENDIX ENVELOPE PDF OF TWO SINE WAVES IN GAUSSIAN NOISE
There are many cases, such as two path propagation environments [24] , where we encounter the sum of two sine waves in Gaussian noise (see [10] for more examples). A variety of techniques for calculating this envelope pdf are discussed in [8] - [11] .
If the two sine waves have uniformly distributed phases over , then the envelope pdf of the sum of two sine waves in Gaussian noise is given by (9) , where , , and ( and two positive constants) (77) Based on (10), in the above formula is
When there is no noise, the envelope pdf of two sine waves can be written in closed form by solving the integral in (8) [9] (79)
where (80) For and , the integral in (56) does not have a finite value. Therefore, the upper bound for in (54) cannot be used in this case. Clearly, the upper bound given in (58) does not work as well. In what follows, we present an appropriate upper bound for and the corresponding expression for . In [20] , the following expression is derived for :
where is the confluent hypergeometric function [15] . By obtaining an upper bound for and after some algebraic manipulations, the following upper bound for is derived [20] : (82) Comparing (82) with (54), the upper bound on for the general case of arbitrary and correlated 's in Section VI reveals that both upper bounds are exponential in . So, here we expect to obtain an expression similar to the one given in Section VI for , the upper bound on the coefficients of the Laguerre series in (18) . In fact, by combining (20) , (43), and (82), we obtain (83) which has the same functional relationship with as in (58).
Based on the similarities between the functional form of in this Appendix for and the one in Section VI for an arbitrary , all the results of Section VII and subsequent sections hold here. This means that for the envelope pdf of two sine waves in Gaussian noise, the optimum Laguerre series is superior to the optimum power series . The optimum Laguerre series is the same as (70) [9] and [11] , respectively, via approaches different from ours. Nevertheless, the power series and its truncation error are not considered in [9] and [11] , as well as the truncation error of the Laguerre series.
